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In Eqs. (7) and -(8), ex", ey", and exy" are the components of
creep strain and the integration is over the thickness.

Consider a particular point in the plate. The stresses
at this point vary continuously with time due to creep. The
smooth stress time curve can be approximated by a series of
finite steps, each of which consists of a constant stress period
At followed by an instantaneous increment of stress. The
increment of creep strains in the constant stress interval
can be obtained as fully described in Ref. 1. The total
creep strain at any time is the sum of creep strain increments
of all the time steps. Hence, the creep strains and the
equivalent forces readily can be calculated at the end of each
time step. Our problem can then be solved in a manner
similar to that used in Sec. 2.

At time t = 0 there is no creep strain, q = F = 0. An
elastic solution is obtained first. At any subsequent time
step, we use the previous deflection as the first trial deflection
to start the iteration. In the iteration process, q and F remain
unchanged while w,(p,cjf and F approach their correct values.

4. Numerical Example

The procedure in Sees. 2 and 3 is applied to a 7075-T6
aluminum alloy square plate \ in. X 24 in. X 24 in. under-
going large creep deflection at 600°F. The lateral load q is
uniform and equals 10 psi. The uniaxial creep character-
istics of the material are approximated by ec = AtKsmh(Bo~),
in which t is time in hours, and the material constants are
A = 5.25 X 10~7, E = 1.92 X 10~3, K = 0.66, E = 5.2 X
106, and v = 0.32. Two simply supported edge conditions
are considered. One is with zero sectional forces, and the
other with zero displacement. From the elastic solutions,
the deflection of the plate due to a unit load at (£,97) is given
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where m denotes an integer, yi = a — y and y > 77. For
y < ^ 2/i is replaced by y and 77 by a — 77. The plate is
divided into 12 X 12 grid spacings. The influence coefficients
for elastic moments are computed by finite differences giving,
for instance,

-Wi,,-^ + 2wij - Wi,i+l)] (10)

The stress influence coefficients for the plane stress problem
are obtained by use of the computer program of Ref. 11 for
both the stress free and immovable edges. The calculated
results are shown in Figs. 1-3. The deflections for both cases
are almost the same. The inplane forces vary differently.
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The numerical example exhibited an extremely rapid con-
vergence. The first time increment was taken to be 0.0001
hr. The subsequent increment was doubled in each step.
For a relative accuracy of 0.0002%, three cycles of iteration
were enough for most steps and in no case exceeded five
cycles. The total computing time took only 8 min, of which
5 min were spent in establishing the influence coefficients.
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Penetration of the Flame Front
through a Fine Metal Layer in a

Solid Propellant
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IN spite of the existence of a great number of works dealing
with the investigations of nonsteady solid combustion,

a comprehensive solid combustion theory is not available
which takes into account the total amount of known experi-
mental data on a combustion mechanism. The aforemen-
tioned experimental data comprise, for example, some results
on the space extension of the heat release region, on the
stability conditions of a combustion process, on the combus-
tion of solid propellant under nonsteady pressure variations,
and on the conditions of the extinction and ignition. The
insufficiency of existing theories is caused mainly by the diffi-
culties in experimental investigation of the combustion pro-
cess.
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Table 1 Experimental effect of pressure on penetration of
combustion wave through a metal foil

Fig. 1 Sample.
POWDER

There are some methods of investigation of the nonsteady
combustion described in the literature such as the method of
pressure drop,1 the method of limit diameter,2 the method of
combustion zone cooling by means of liquid coolant injection,3

the method of T-burner,4 and others.
In many cases a comparison between experimental and

theoretical results is difficult because it is difficult to separate
the effects directly connected with the combustion process
from the accessory ones, such as the influence of the gas-
dynamic field, the possibility of mechanical destruction of
specimens, and the influence of acoustic properties of media
and deviation from one-dimensional conditions.

The authors have previously suggested a method of investi-
gation of the nonsteady combustion regime of powder.5-7 The
method enables us to investigate the extinction process in the
absence of gasdynamic effects.

The present paper describes a new experimental method of
investigation of nonsteady solid combustion, viz., the method
of the combustion wave running through a fine metal plate in
a solid propellant. The experiment is schematically shown
in Fig. 1. The copper foil of 11 mm diam and 14^ thickness
was embedded between two cylindrical nitroglycerine powder
specimens of 10 mm diam and 10 mm height. Close thermal
contact between powder and the metal foil was achieved by
lubrication of the contact surface with acetone. To remove
the acetone film, the sample was kept for several days in open
air.

In a control series of experiments it was found that a small
quantity of acetone had no influence on the results obtained.
In the first series of the experiments the side surface of the
specimens was covered by a polychlorvinyl varnish film.

The experiments were carried out in a constant pressure
bomb with a nitrogen atmosphere. The upper specimen of
powder was ignited at the top. After ignition, when the
distance between combustion front and metal foil is greater
than the characteristic thickness of the thermal layer in the
solid propellant, the combustion front propagates steadily
with velocity corresponding to a given pressure and initial
temperature. When the combustion front approaches the
metal foil the combustion regime becomes unsteady. De-
pending on pressure, initial temperature, and foil thickness,
after the burning of the upper specimen the flame is extin-
guished or the heat flow penetrating through metal foil ignites
the second specimen and combustion goes on.

If the pressure equals 1 atm and the specimen's initial tem-
perature is within the interval 20-100 °C the combustion wave
does not run through copper foil of 14/i thickness and alumi-
num foil of 12/x thickness. The results were obtained mainly
at room temperature. The results are given in Table 1. In
the table the symbol Ni marks a nitroglycerine powder whose
combustion rate is greater than that of the powder N. In the
experiments the foil thickness, kinds of metal and powder and
coating of specimens were varied. For the analysis of the
experimental results it is relevant to introduce the quantity
(P, denoting the ratio of the number of experiments in
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Fig. 2 Sample with clamp.

Num-
ber
of

series

1°

11°

III*

IVa

V6

VI'

VIId

Foil Foil
Kinds Kind thick- diame-

of of ness, ter,
powder metal /* mm

N^N Cu 14 11

N-+N Al 12 11

N-+Ni Cu 14 11

Ni-+N Cu 14 11

Ni-+Ni Cu 14 11

N^N Cu 50-200 11
N-^N Cu 14 11

N^N Cu 14 11

N -» N Cu 14 11
15

Pres-
sure

(P
atm

1.15
20.25
30
40
50

100
1.15

20
25
30
25
30
40
20
25
30
40
25
30
40

100
20
30
40

100
1

30
40
50
60
80

120
20
25
30
40
50
80

100

(P(p)
0
0
0.3
1
1
1
0
0.5
1
1
0
0.5
1
0
0
0.5
1
0
0.3
1
0
0
1
1
1
0
0
0
0
0
0.6
1
0.12
0.3
0.8
0.9
0.8
1
1

a Lacquer coating.
b Plexiglas clamp.
c Plexiglas coating.
d Without coating.

which the combustion wave ran through metal foil to the
total number of experiments at given conditions.

A peculiar feature of the experiments should be noted.
The small pressure intervals p* ± Ap exists in all the series
of the experiments (except the forth series). When the pres-
sure is greater than p* + Ap practically all the experiments
lead to the ignition of the lower specimen. When the pres-
sure is smaller than p* — Ap the combustion wave does not
run through the metal foil. The pressure value p* ~ 25-30
atm corresponds to the foil's 14 thickness. The value (P(p*)
equals \ here.

Let us consider some features of the combustion wave run-
ning through a metal foil. When the combustion front runs
through a foil of 11 mm diam there is practically no residue
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Fig. 3 Typical experimental
results.
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of the foil. In some experiments the diameter of foil was
equal 15 mm and the possibility of flame propagation along
the side of the specimen was excluded. In this case a round
hole in the foil was observed after the combustion wave run-
ning through the metal foil. The hole diameter was equal to
11 mm. It was assumed that the foil was destroyed after the
combustion wave passed through the foil. Special experi-
ments were carried out with an ebonite or plexiglas specimen
instead of lower powder specimen. In these cases an extinc-
tion took place and the foil was unharmed.

A special experiment was also made to investigate the
effect of cohesion of the foil with the side coating of the speci-
mens (series V) . In this experiment the foil area was greater
than the cross section of the specimen. The edge of the foil
was squeezed by two special plexiglas plates which were fitted
on propellant specimens and were fixed on both specimens.
The clamp is illustrated schematically in Fig. 2. No essen-
tial influence of the clamp upon the value of critical pressure
interval was observed. It is necessary to note that if the
combustion front does not pass through a metal foil, a fine
slab of the unburned powder remains at the metal. (At p —
20 atm the foil thickness is less than 0.03 mm.) It means
that the extinction takes place before the combustion front
reaches the upper surface of the metal foil.

When the combustion wave runs through a metal foil a
delay of ignition is observed. The lower specimen ignition
does not occur simultaneously with arrival of the luminous
combustion front at the foil. If the pressure increases the
ignition dekiy time decreases.

The experimental results in the case of series VII are shown
in Fig. 3. In this series of experiments both powder speci-
mens had no side coating. In Fig. 3 the function (?(p) has a
specific form.

It is necessary to note that when a foil thickness is given,
"the probability of combustion wave running through a foil"
increases with pressure and the combustion rate also in-
creases, as is known. Therefore the characteristic thermal
layer in a specimen decreases.

It is possible to give a qualitative explanation of the phe-
nomenon of combustion wave running through a foil. The
thermal diffusivity of foil is higher than that of the powder
and we can assume the foil temperature does not depend on
the spatial coordinate. In this approximation the balance of
thermal energy of the foil is as follows:

where p is foil density, c is foil specific heat, X is thermal con-
ductivity of powder, I is foil thickness, T is the mean foil tem-
perature, f f , f- are gradients of temperature at the upper
and lower surfaces of the foil in the specimens.

There is a jump of the temperature gradient at the foil.
Therefore at the moment when the combustion front reaches
the upper foil surface the temperature gradient at the lower
foil surface is smaller than at the upper one. According to
the theory, for example,6 the propagation of combustion wave
in solid propellant (powder AT) is possible only if the tempera-
ture gradient at the burning surface exceeds a certain critical
minimum value f m. If the temperature gradient at the lower
foil surface is smaller than the critical value the ignition of
the lower specimen is impossible. If the temperature gradi-
ent at the lower foil surface is greater than the critical value
the combustion wave penetrates through the foil. Since the
range of allowable temperature gradients at the burning sur-
face increases with increasing pressure, the f _ value remains
less than f m at p < p* and the ignition of the lower specimen
is thus impossible. If p > p* then f- > fm(p) and the com-
bustion wave penetrates through the metal foil.
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Subcritical and Supercritical
Boundary Layers
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MOMENTUM integral techniques have been used for
many years to solve the laminar and turbulent boun-

dary-layer equations and have met with a considerable mea-
sure of success. In attempting to apply such methods to an
ever-increasing range of Mach numbers and wall temperature
ratios, some difficulty has arisen because under certain super-
sonic or hypersonic cold wall conditions the boundary layer
tends to thin in an adverse pressure gradient and it is difficult
to match this behavior to the development of the compression
process in the external stream. Crocco1 was the first to
recognize this dilemma and he classified boundary layers as
either subcritical or supercritical, depending on whether the
displacement thickness increased or decreased in an adverse
(i.e., positive) pressure gradient. This classification was
adopted in the Crocco-Lees2 paper and more recently in the
Lees-Reeves3 method of solving the laminar boundary-layer
equations. Lees and Reeves found it necessary to introduce
a jump from supercritical to subcritical behavior in order to
reach separation with hypersonic cold wall flows.

A great deal of discussion has centered on the physical
causes of these difficulties and much ingenuity has been
used in pushing the supercritical boundary just out of sight.
For example, it has been shown2 that the choice of boundary-
layer thickness (6) has a considerable influence on the position
of the critical line; the larger the value of 5 the more hyper-
sonic stream tubes are included and the more supercritical the
boundary layer becomes. The neglect of the normal pressure
gradient (certainly an important feature of the real flow) also
has been cited as the main cause of difficulty, and Holden4

has shown how the introduction of centrifugal effects effec-
tively removes the supercritical boundary from regions of
interest. The main aim of this Note is to re-examine a few
of the various momentum integral methods and demonstrate
that the critical boundary depends entirely on the formulation
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